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Geometric phases
Geometric phases arise in wave systems where the parameters of the wave function
are cycled around a circuit. (M. Berry, Proc. R. Soc. Lond. A 392, 45 (1984))

Can be observed via interference of waves traversing different paths.
Depends only on the geometry of the path :
robust against dephasing in contrast with the time-dependent dynamical phase.

Dynamic phase : spin precession around B
Geometric phase : solid angle subtended by spin eigenstates in B



Geometric phases in SO-coupled quantum rings
Extracted and studied for electron waves in InGaAs rings
F. Nagasawa et al., Phys. Rev. Lett. 108, 086801 (2012)

Interference of dynamic and geometric 
phases : oscillations in conductance,
Aharonov-Casher effect 
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Aharonov-Anandan geometric phase in non-adiabatic evolution.



Manipulation of the geometric phase



Quasi-ballistic rings.
Altshuler-Aronov-Spivak (AAS) 
conductance oscillations : 
interference in a full rotation around 
the ring in opposite directions

An array of 40 x 40 InGaAs/InAlAs rings 
multiple interference paths.

Interference experiments in quantum rings
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Tuning of the SO interaction with a gate.
SdH analysis of coupling strength

Multi-mode rings (~6 modes)

𝜔R ~ up to 20 GHz , 𝜔0 ~ 6 GHz

=
dynamic geometric



Geometric phase shift in low Zeeman fields

Pure geometric phase modulation. Independent of dynamical phases 

Phase shift, 1st order perturbation theory (D. Frustaglia) :

Calculated also for weakly coupled rings F. K. Joibari, Y. M. Blanter & 
G. E. W. Bauer, Aharonov-Casher effect in quantum ring ensembles. 
arXiv:1304.6195 [cond-mat.mes-hall] (2013).



Dip and peak shifts of AAS oscillations
TR symmetry breaking:
suppression of spin interferenceQuadratic phase shift, decoherence with B 

F. E. Meijer, A. F. Morpurgo, T. M. Klapwijk, 
and J. Nitta, PRL 94, 186805 (2005)



Fields turned on adiabatically Fields turned off adiabatically

Wire width W 
~ 50 nm

Transport equation solution with the Recursive Green’s Function method (RGFM)

Computational approach

Mean free path in the numerical calculations = 2-6 microns, T = 1.7 K, g-factor = 3,
ring displacement 10-20 nm, no Dresselhaus term 

Multiple transport modes, disorder and high Zeeman fields
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helical field components therefore determines adiabatic-
ity and the backscattering probability of spin.

The energies of spin-split eigenstates �± in a combi-
nation of homogeneous and helical magnetic fields are
given by Eq. (4). They form a two-level system where
diabatic transitions are possible between the states. Lan-
dau, Zener, Stückelberg and Majorana calculated the
diabatic transition probability in particular two-level
systems.13–16 The levels given by Eq. (4) anticross at
x = (n0 + 1
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how fast the energies of eigenstates �
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and �� approach
each other during spin transport at the level anticrossing.
This depends on the transport velocity. Assuming that
an electron moves parallel to the helix axis at speed v
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where ⌧ = 2⇡

a

v
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t. In waveguides electrons have a com-
ponent of momentum perpendicular to the helix axis and
e↵ectively ↵ is lower. Using Eqs. (8), (9), and (10) the
probability of diabatic transition can be approximated as

P ⇡ exp
�
�⇡(� � 1)2Q

helix

/2
�
, (11)

where Q

helix

is given by Eq. (6).
The transition amplitude can also be obtained within

the formalism introduced by Dykhne for time-dependent
Hamiltonians.17,18 However, we found that the transition
probability in our case of predominantly adiabatic trans-
port does not significantly di↵er from the Landau-Zener
formula Eq. (8).

III. RESULTS

A. Numerical method

The magnetoconductance of waveguides with spin po-
larized states is calculated using a recursive Green’s func-
tion (RGF) algorithm based on a tight-binding discretiza-
tion of the system.12 Moreover, we compare the results
to the Landau-Zener approximation for ballistic systems.
The electron mean free path l

e

is estimated from the

disorder strength. The transmission coe�cients t

nm

of
transport modes are calculated with the RGF algorithm
and conductance G is obtained from the Landauer for-
mula
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where G

0 = e
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/h is the conductance (per spin) of one
channel, � and �

0 denote the spin indices, and n and
m the channel indices. In both leads there is a homo-
geneous magnetic field B

c

+ B
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perpendicular to the
2DEG surface. In disordered systems t

nm

is averaged
over random disorder configurations. The number of con-
figurations ranges from 10 configurations in large bulk-
like multi-mode systems to more than 100 000 in single
mode waveguides where the electron mean free path is
short.

B. Tuning of spin backscattering with
Landau-Zener transitions

We study first transitions caused by a single level
(anti)crossing in the Zeeman split bands. Waveguide
length is therefore one helical pitch, L = a. We omit
therefore orbital e↵ects as a first approximation and
the e↵ective mass Hamiltonian includes only the kinetic
term, the Zeeman coupling and the disorder potential,
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In long waveguides with sequences of level (anti)crossings
orbital e↵ects become important and they are studied in
Sec. III C. In the case of rectangular waveguides we as-
sume an infinite potential well potential of width W in
the transverse direction. For mode n the quantum well
energy is E

n

= ~2/2m⇤(⇡2

n

2

/W

2) for n = 1, 2, 3, . . .
In the simplest case transport involves only one spin
polarized mode (n = 1). The spin-splitting of this
mode, Eq.(4), in the modulated magnetic field gives rise
to a two-level system with a periodic sequence of level
(anti)crossings (see Fig. 1 for one period).

In ballistic systems the transition probability from the
lower spin eigenstate to the higher one can be calculated
either using the Landau-Zener approximation Eq. 11 or
the RGF algorithm. For spin polarized states the upper
band is at least partially above the Fermi energy and the
wave function decays after a diabatic transition. This
leads to spin backscattering. Figure 2 shows the proba-
bility of spin backscattering in a single-mode wave func-
tion calculated with both methods. In the low Q regime
numerical results show a shift in the peak position from
� = 1 towards lower � values (Fig. 2a). Spin transport is
not perfectly adiabatic in this regime and spin is slightly
non-aligned with the magnetic field resulting in preces-
sion. At � = 1 in the Q � 1 regime the probability of
diabatic transition and spin backreflection is 1 (Fig. 1c).

Bychov-Rashba SOI Zeeman field Anderson-like
disorder potential



RQMG method in ballistic rings
Geometric phase shift for direct interference paths through a ballistic ring.
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AAS oscillations in quasi-ballistic multi-mode rings
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r0=608 nm ring, mean free path = 2 µm

Dips shifts to lower SO fields; an additional phase shift due to the magnetic field.
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Simulations of AAS conductance oscillations

Numerical RGFM Experiments



Phase shifts : experiments vs. theory

Perturbation theory works fine in high SO fields :
phase shift is dominated by a few modes or just the lowest one due to dephasing.

low SO

high SO

Quadratic shift calculated and observed in experiments



Radius dependence

Qualitative agreement with the perturbation theory

𝜙  ~  r2 



Summary

Geometric phase shift with the in-plane magnetic field:
quadratic in the in-plane magnetic field strength

Phase manipulation independent of the dynamic phase and
without resorting to other geometric phases such as the Aharonov-Bohm phase

Phase shift dominated by a few modes or just the lowest one due to dephasing

Collaboration
Tohoku group (experiments)
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